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Analysis of electromagnetic fluctuations in plasma provides relevant information about the plasma

state and its macroscopic properties. In particular, the solar wind persistently sustains a small but

detectable level of magnetic fluctuation power even near thermal equilibrium. These fluctuations

may be related to spontaneous electromagnetic fluctuations arising from the discreteness of charged

particles. Here, we derive general expressions for the plasma fluctuations in a multi-species plasma

following arbitrary distribution functions. This formalism, which generalizes and includes previous

works on the subject, is then applied to the generation of electromagnetic fluctuations propagating

along a background magnetic field in a plasma of two proton populations described by drifting

bi-Maxwellians. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4894700]

I. INTRODUCTION

Plasmas often exhibit inherent electromagnetic fluctua-

tions which are present even in the absence of plasma insta-

bilities. The thermal motion of charged particles continuously

produces scattered fluctuating waves, sometimes called ther-
mal noise, which is then balanced by their reabsorption and

dissipation. This process results in a finite and measurable

level of magnetic fluctuations in the plasma. Although colli-

sions in plasmas cannot generally ensure local thermody-

namic equilibrium, in most cases the state of the system can

be described by the linear response to the perturbations from

a quasi-stable state via the fluctuation-dissipation theorem.1

The fundamentals of the theory of fluctuations have

been rigorously discussed by Callen and Welton1 and then

applied to electromagnetic fluctuations in spatially dispersive

media for the first time by Silin.2 A detailed description for

plasma fluctuations is given by Ichimaru3 and Sitenko.4

Since then, the study of the spectral properties of scattered

electromagnetic fluctuations has provided substantial infor-

mation about the plasma state in laboratory studies5,6 and

space-plasma measurements,7–11 proving to be one of the

most efficient methods for plasma diagnostics.

Recently, Schlickeiser and Yoon12 derived general

expressions for the electromagnetic fluctuation spectra in

unmagnetized plasmas, which are valid for any relativistic and

non-relativistic distribution function. Subsequent work applied

this formalism mainly to the description of aperiodic (purely

growing/damped) modes of a vast family of distribution func-

tions.12–16 Similarly, Lund et al.17 derived expressions for the

electrostatic fluctuations of a stable unmagnetized Maxwellian

electron beam plasma. They showed that Debye shielding

fluctuations are essentially unaffected by a low-density beam.

However, the fluctuation level may be enhanced due to the

presence of the beam and specially near marginal stability.

Also, various normal modes may produce multiple peaks in

the integrated spectra over frequencies or wavenumbers.

Araneda et al.18 and Vi~nas et al.19 studied magnetic fluc-

tuations associated to Alfv�en and whistler waves, respec-

tively, in isotropic Maxwellian plasmas, and showed that

heavily damped modes of the dispersion relation may play

an important role in the emission and absorption of plasma

fluctuations since they seem to constrain the structure of the

fluctuation spectra. Navarro et al.20 extended these ideas to

anisotropic but quasi-stable bi-Maxwellian plasmas, showing

that these fluctuations may be related to the fluctuating mag-

netic power observed in the solar wind below the linear

instability thresholds.21 Furthermore, the authors showed

that the analytical description compared extremely well with

hybrid simulations of protons and electrons. Certainly, other

sources for observed fluctuations can be proposed. For

instance, it is commonly accepted that enhanced fluctuations

can appear in quasi-stable plasmas as a remnant of the earlier

growth of plasma instabilities,22,23 but this cannot explain

the observed fluctuations far below the instability thresholds.

On the other hand, fluctuations may be due to remnant MHD

turbulent magnetic fluctuations advected from the Sun,

which may be relevant if the time expansion of the MHD

turbulence is much shorter than the fluctuation time scales.

In this paper, we take the approach of considering the

contribution of thermal fluctuations, which are known to

arise naturally in most statistical systems, and particularly

in quasi-equilibrium plasmas, without imposing initially

unstable growing waves17,20 or preexistent turbulence.a)Electronic mail: roberto.navarro@ug.uchile.cl
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The spontaneous electromagnetic fluctuations are com-

pletely determined by the macroscopic properties of the

plasma and particularly by the distribution function of each

species. Solar wind proton distributions are often observed to

consist of an anisotropic Maxwellian-like core with tempera-

tures T? and Tk with respect to the local background mag-

netic field B0.24,25 Sometimes, the plasma also contains a

secondary, closely isotropic, Maxwellian-like proton beam

moving with an average drift velocity Ubc with respect to the

proton core. Typically, Ubc varies between 0 and 1.5 times

the local Alfv�en speed vA.26–29 A similar feature can be

observed for alpha-particle distributions.30 Furthermore, in

many situations, electron and ion distributions show non-

thermal features which can be well represented by power-

law distributions.31–38 Thus, a complete description of

electromagnetic fluctuations based on arbitrary distribution

functions is certainly necessary.

In this work, we outline, in Sec. II, a derivation of elec-

tromagnetic fluctuations without the need of integral repre-

sentations or form factors. This method extends the

formalism described in the literature4,12 to magnetized plas-

mas composed of an arbitrary number of species having

different and arbitrary distribution functions. This descrip-

tion is useful for thermally anisotropic species and plasmas

out of thermal equilibrium. In Sec. III, we apply the general

formalism to electromagnetic fluctuations propagating along

a background magnetic field for anisotropic bi-Maxwellian

plasmas. We then analyze numerically these fluctuations for

a three-component plasma consisting of a relatively dense

proton core, a relatively tenuous proton beam, and electrons,

in Sec. IV. Finally, in Sec. V we summarize and discuss the

results.

II. ELECTROMAGNETIC FLUCTUATIONS IN MULTI-
SPECIES PLASMAS

We will adapt, for multi-species plasmas, the statistical

procedure described in Ref. 39. The classical statistical aver-

age of the fluctuating electric field component EjðtÞ over the

phase-space x is given by

hEj tð Þi ¼

X
a

ð
dxfaEj

X
a

ð
dxfa

; (1)

where fa ¼ faðHÞ is the distribution function of species a, H
is the total Hamiltonian of the system, and the sum is per-

formed over all species. Suppose the system was prepared in

its equilibrium state H0, and then perturbed at t¼ 0 so that

H ¼ H0 þ
P

‘ Dh‘, where Dh‘ is the perturbing quantity

associated to the ‘ ¼ fx; y; zg direction.

Under these assumptions, fa can be written to the first

order in Dh‘ as

fa ¼ Fa þ
X
‘

Dh‘
@Fa

@H‘
; (2)

where Fa � faðH0Þ. Replacing Eq. (2) into (1) and collecting

terms up to first order in Dh‘, we obtain

hEjðtÞi ¼
X

a

hEjðtÞia þ
X
‘

hDh‘ð0ÞEjðtÞið‘Þa

�

�hEjðtÞia
X
b;‘

hDh‘ð0Þið‘Þb

#
; (3)

where

hA tð Þia ¼
Ð

dxFaAP
b

Ð
dxFb

; (4)

hA tð Þi ‘ð Þa ¼
Ð

dx @Fa=@H‘ð ÞAP
b

Ð
dxFb

: (5)

Assuming that
P

ahEjðtÞia ¼ 0 at quasi-equilibrium,

then the Fourier spectrum of Eq. (3) is

hEjðk;xÞi ¼ ix
X
a;‘

hDh‘ðk;xÞE�j ðk;xÞi
ð‘Þ
a ; (6)

where the asterisk represents a complex conjugate.

The dynamics of Ej is governed by the Maxwell equa-

tions, which can be written in Fourier-coordinates as4

kijhEj k;xð Þi ¼ 4p
ix

Ji k;xð Þ; (7)

where kij ¼ kijðk;xÞ are the components of the dispersion

tensor in vacuum, given by

kij ¼
c2k2

x2

kikj

k2
� dij

� �
þ dij; (8)

and Ji are the components of the total current density. In gen-

eral, Ji consists of a spontaneous source current ~Ji due to the

particle motion in the plasma, and a current induced by the

fluctuating electric field. In the linear approximation, this

can be written as

Ji ¼ ~Ji � ix
X

a

vðaÞij hEjðk;xÞi; (9)

where vðaÞij is the susceptibility tensor of species a, and the

sum extends over all species.

Replacing Eq. (9) into Eq. (7), we obtain

hEj k;xð Þi ¼ 4p
ix

K�1
jn

~Jn; (10)

where K�1
ij represents the inverse of the dispersion tensor

Kij ¼ Kijðk;xÞ, given by

Kij ¼ kij þ 4p
X

a

vðaÞij : (11)

The perturbing quantity Dh‘ can be understood as the

energy supplied by the source current ~J ‘ to the wave, such

that

Dh‘ k;xð Þ ¼ 1

2ix
~J ‘E‘ k;xð Þ: (12)

Combining Eqs. (6), (10), and (12), we obtain
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X
‘

~J ‘
8p
ix

K�1
j‘ �

X
a

hE‘E�j i
‘ð Þ

a

" #
¼ 0: (13)

Since ~J ‘ is randomly generated, then the term inside the

parenthesis is zero for each ‘. A similar condition is obtained

for hEjE
�
‘ i
ð‘Þ
a in terms of K�1�

j‘ . Writing K�1
j‘ ¼ K�1

jm k�1
mnkn‘ in

Eq. (13) and replacing knm from Eq. (11), we finally obtain

xhEiE
�
j i
ðiÞ
a þ x�hEiE

�
j i
ðjÞ
a

¼ 32ip2½K�1
jm vðaÞmnk

�1
ni � k�1�

in vðaÞ�nm K�1�
mj �; (14)

where an implicit sum over the indexes m and n is per-

formed. The total electric field fluctuations are given by

hEiE
�
j i ¼

X
a

hEiE
�
j ia; (15)

where hEiE
�
j ia can be obtained from Eq. (14) if the distribu-

tion function Fa is given.

This Eq. (14), and the final desired result Eq. (15), are

general enough that can be applied to non-Maxwellian distri-

bution functions (e.g., with power-law tails, relativistic, and

anisotropic distributions), and also for oblique propagation in

magnetized plasmas, which we will present elsewhere shortly.

Equation (14) can be evaluated for frequencies where

detðKijÞ 6¼ 0. Let us note that detðKijÞ ¼ 0 is the dispersion

relation which determines the frequencies x ¼ xðkÞ of the

normal modes of the system. Hence, the fluctuation spectra

have intense peaks near these modes.

The magnetic and density fluctuations can be derived

through the use of Faraday equation and Gauss law in

Maxwell’s equations, from which we obtain

hBiB
�
j i ¼ eilmejns

c2klkn

x2
hEmE�s i; (16)

hjqj2i ¼ kikj

4pð Þ2
hEiE

�
j i: (17)

III. ELECTROMAGNETIC FLUCTUATIONS FOR
BI-MAXWELLIAN PLASMAS

Let us considerer electromagnetic fluctuating waves

propagating in a collisionless Vlasov-Maxwell plasma with a

background magnetic field B0 ¼ B0ẑ, where each species

component follows a bi-Maxwellian velocity distribution

function (VDF)

Fa v?; vkð Þ ¼
1

p3=2u2
?auka

exp � v2
?

u2
?a

�
vk � Ua
� �2

u2
ka

" #
; (18)

which is completely determined by the thermal speeds

uka ¼ ð2kBTka=maÞ1=2
and u2

?a ¼ ð2kBT?a=maÞ1=2
, where Tka

and T?a are the parallel and perpendicular temperatures with

respect to B0, and Ua is the drift along B0.

In this case, and from Eq. (5), it can be shown that

hEiE
�
j i

‘ð Þ
a ¼ �

hEiE
�
j ia

kBT‘a
; (19)

where Txa ¼ Tya ¼ T?a and Tza ¼ Tka. Replacing into Eqs.

(14) and (15), we obtain

hEiE
�
j i ¼ 32ip2kB

X
a

TjaTia

xTja þ x�Tia

� k�1�
in v að Þ�

nm K�1�
mj � K�1

jm v að Þ
mnk

�1
ni

h i
: (20)

Equation (20) is valid for any general form of the

susceptibilities and wave propagation provided Fa is a

bi-Maxwellian. Notice that the sum over a behaves like a

weighted temperature mean or effective temperature. The

inverse of kij can be evaluated through the Sherman-

Morrison formula40,41

k�1
ij ¼ 1� c2k2

x2

� ��1

dij �
c2kikj

x2

� �
: (21)

Although Eq. (20) is written in its general form, consid-

erable simplifications can be achieved for the case of parallel

wave propagation, namely k ¼ kkẑ. Indeed, the susceptibility

of each species can be written as a block diagonal tensor

with vðaÞxz ¼ vðaÞyz ¼ vðaÞzx ¼ vðaÞzy ¼ 0 and42,43

v að Þ
xx ¼ v að Þ

yy ¼
1

2
v að Þ
þ þ v að Þ

�

� �
; (22)

v að Þ
xy ¼ �v að Þ

yx ¼
i

2
v að Þ
þ � v að Þ

�

� �
; (23)

v að Þ
zz ¼

x2
pa

2pk2
ku

2
ka

1þ n 0ð Þ
a Z n 0ð Þ

a

� �h i
; (24)

where

v að Þ
6 ¼

x2
pa

4px2
Aa þ n 0ð Þ

a þ Aan
6ð Þ

a

� �
Z n 6ð Þ

a

� �� 	
: (25)

In Eqs. (22)–(25), Aa ¼ u2
?a=u2

ka � 1 is a measure of the

thermal anisotropy. nðrÞa ¼ ðx� kkUa þ rXaÞ=ðkkukaÞ and

r ¼ f0;6g. xpa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pnaq2

a=ma

p
and Xa ¼ qaB0=mac are

the plasma and cyclotron frequencies of the species a,

respectively. ZðnÞ is the usual plasma dispersion function.44

For parallel propagation, kij defined in Eq. (8) is a diago-

nal tensor. Then Kij defined in Eq. (11) has a structure

similar to that of vðaÞij . The components of their inverses

[needed in Eq. (20)] are given by

k�1
xx ¼ k�1

yy ¼
1

1� c2k2
k=x

2
; (26)

k�1
zz ¼ 1; (27)

K�1
xx ¼ K�1

yy ¼
Kxx

KþK�
; (28)

K�1
xy ¼ �K�1

yx ¼ �
Kxy

KþK�
; (29)

K�1
zz ¼

1

Kzz
; (30)

while other components vanish, and where
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K6 ¼ Kxx6iKxy: (31)

After replacing Eqs. (22)–(31) into (20), we obtain for x
real

hjExj2i ¼ hjEyj2i

¼ 32p2x
x2 � c2k2

k

X
a

kBT?aIm
Kxxv

að Þ
xx þ Kxyv

að Þ
xy

KþK�

" #
; (32)

hExE�yi¼�hEyE�xi

¼� 32p2ix

x2�c2k2
k

X
a

kBT?aRe
Kxyv

að Þ
xx �Kxxv

að Þ
xy

KþK�

" #
; (33)

hjEzj2i ¼
32p2

x

X
a

kBTkaIm
v að Þ

zz

Kzz

" #
: (34)

In the polarization coordinates, we define E6

¼ ðEx6iEyÞ=2, so that

hjE6j2i ¼
32p2x

x2 � c2k2
k

X
a

kBT?aIm
v að Þ

6

K6

" #
: (35)

Similarly, for the magnetic and density fluctuations,

Eqs. (16) and (17) become

hjqj2i ¼
k2
k

4pð Þ2
hjEzj2i; (36)

hjB6j2i ¼
c2k2
k

x2
hjE6j2i: (37)

Equation (37) was studied by Navarro et al.20 for aniso-

tropic Maxwellian proton plasmas. For isotropic plasmas,

Eqs. (32)–(37) reduce to the expressions considered by

Sitenko,4 Araneda et al.,18 and Vi~nas et al.19

IV. NUMERICAL RESULTS FOR A CORE-BEAM
PROTON PLASMA

The theory of plasma fluctuations described in Sec. II

applies as long as plasma instabilities are weak or not pres-

ent. For the solar wind at 1 AU, the threshold condition

Imðx=XpÞ ¼ 10�3 for the imaginary part of x corresponds

to timescales of the order of hours. This timescale is large

enough for the plasma to be considered as quasi-stable. We

will confine our attention to the zones constrained by this

threshold for the instabilities.

For the case considered in Sec. III, the dispersion rela-

tion reduces to detðKijÞ ¼ KþK�Kzz ¼ 0. Longitudinal and

transverse waves are then represented by Kzz ¼ 0 and

K6 ¼ 0, respectively. Since K�ðkk;xÞ ¼ Kþð�kk;�x�Þ,
then the fluctuation spectrum for hjEþj2i can be obtained by

rotating the spectrum for hjE�j2i in 180� around the origin

ðkk;xÞ ¼ ð0; 0Þ. We then evaluate the magnetic fluctuation

spectrum hjB�j2i and the dispersion relation K� ¼ 0 numeri-

cally for a plasma composed of a proton core (a ¼ c), a pro-

ton beam (a ¼ b), and an isotropic electron background

(a ¼ e) which ensures the neutrality and current-free

conditions X
a

qana ¼ 0; (38)

X
a

qanaUa ¼ 0; (39)

where qa and na are the charge and density of species a,

respectively. For simplicity, we use isotropic electrons with

the same temperature as the proton core parallel temperature,

namely, T?e ¼ Tke ¼ Tkc. The proton-to-electron mass ratio

equals mp=me ¼ 1836 and we consider vA=c ¼ 10�4 as the

ratio between the Alfv�en speed vA ¼ B0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pnpmp

p
and the

speed of light. In the reference frame of the proton core

Uc ¼ 0. All these quantities are constant throughout the

paper.

In Fig. 1, we show the magnetic fluctuation spectrum

npXphjB�j2i=2B2
0, given by Eq. (37), for u2

kc=v
2
A ¼ u2

kb=v
2
A

¼ 0:3, T?c=Tkc ¼ T?b=Tkb ¼ 0:1, Ub=vA ¼ 0:5 and three

values of nb=nc ¼ f0; 0:1; 0:4g. The case nb=nc ¼ 0 corre-

sponds to no beam. We also show solutions for the

FIG. 1. Dimensionless transverse magnetic fluctuations npXphjB�j2i=2B2
0,

Eq. (37), and dispersion branches K� ¼ 0, Eq. (31), for u2
kc=v

2
A ¼ u2

kb=v
2
A

¼ 0:3, T?c=Tkc ¼ T?b=Tkb ¼ 0:1, Ub=vA ¼ 0:5 and (a) nb=nc ¼ 0, (b) 0.1,

and (c) 0.4. Solid lines are the Alfv�en-cyclotron and fast modes. Dotted lines

are frequencies for which the Alfv�en-cyclotron mode is damped with

Imðx=XpÞ < �0:001. Dashed lines are the heavily damped modes or HOM.

Logarithmic color scales are used.
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dispersion relation for transverse waves K� ¼ 0. The curves

crossing the origin are the Alfv�en-cyclotron and fast modes.

The set of curves crossing at x=Xp ¼ 1 are heavily damped

modes of the dispersion relation known as Higher-Order

Modes (HOM).45 Since for a Maxwellian-like distribution

there are an infinite number of HOMs, we only show the

HOMs for which Imðx=XpÞ > �6:5 at ckk=xpp ¼ 3.

In the case of no beam—e.g., Fig. 1(a)—the dispersion

curves and fluctuation spectrum are symmetrical with respect

to the frequency axis. However, these structures are no lon-

ger symmetric if we include a beam with Ub 6¼ 0. This asym-

metry becomes more evident as nb=nc grows, as seen in Figs.

1(a)–1(c). In spite of this symmetry breaking, the fluctuation

spectrum and the HOM curves share the same structure. The

magnetic fluctuation level seems to be enhanced between the

two least damped HOMs in Figs. 1(a)–1(c). This feature

agrees with previous results.18–20

Because of the condition K� ¼ 0 [see Eqs. (32)–(35)],

the electromagnetic fluctuation level exhibits intense peaks

near the modes with ImðxÞ � 0. Here, the collective effects

of the plasma take place to enhance the spontaneous fluctua-

tions. Hence, one can expect that the normal modes could be

excited for some values of the macroscopic parameters if

sufficient free energy, say a thermal anisotropy or a relative

drift between species, is available.

In Figs. 1(b) and 1(c), a weak instability is present in the

fast mode in the third and fourth quadrants, with

Imðx=XpÞ < 10�4. The maximum growth-rate occurs for

modes whose phase-speeds x=kk have the same sign as Ub.

For x=kkUb > 0, a large portion of the beam VDF interacts

with these waves (a resonant instability), whereas for

x=kkUb < 0 the wave resonates with the tail of the VDF (a

non-resonant instability).46 This means that the fluctuation

level will increase near the resonant unstable wave more

than around the non-resonant one. In Figs. 1(a)–1(c), we

observe that the fluctuation intensity increases near the fast

modes (third and fourth quadrants) as nb=nc increases, but

the magnetic fluctuation level concentrates in the third quad-

rant due to the asymmetry caused by Ub. Larger values for

the free energy will drive an instability of the fast modes

and, consequently, the electromagnetic fluctuations will

enhance near these modes. Further studies on ion-beam

instabilities can be found in the literature.47,48

The presence of drifting protons reveals another charac-

teristic concerning the HOMs. As nb=nc increases, the HOM

with the smallest positive slope interacts with the Alfv�en-

cyclotron branch until a gap appears for nb=nc � 0:291 near

ckk=xpp � �1:75 and x=Xp � �1:35 [see transition

between Figs. 1(b) and 1(c)]. Similar characteristics are

observed for plasmas of protons and drifting alpha par-

ticles.45 Unlike the other HOMs, this mode is a branch of the

dispersion relation in the limit of zero temperature, but is

damped at larger temperatures. We will see that electromag-

netic fluctuations will increase near this mode for some

values of the macroscopic values.

In Fig. 2, we show the magnetic spectrum for fixed

values of nb=nc ¼ 0:3 and Ub=vA ¼ 0:5 for different values

of the anisotropy T?c=Tkc ¼ T?b=Tkb. For the parameters

used in Figs. 2(a) and 2(c), firehose and proton-cyclotron

instabilities develop, respectively, with Imðx=XpÞ <
4� 10�4 in both cases. Panel (b) corresponds to thermal

equilibrium. The magnetic fluctuating intensity increases

near the Alfv�en-cyclotron branch as the anisotropy increases.

Both the fluctuation and HOM structure show no qualitative

changes.

In Fig. 3, we show the influence of the proton beam

parallel temperature. For smaller values of u2
kb=v

2
A, there is a

group of HOMs whose damping decreases in Fig. 3, and they

fill the empty space inside the HOMs of Figs. 1 and 2. As

u2
kb=v

2
A increases beyond the values of Figs. 1 and 2, these

HOMs separate from each other, and converge to a structure

that is similar to the ones presented in Figs. 1 and 2.

In Fig. 4, we show the magnetic fluctuation spectrum for

a lower value of the parallel temperatures u2
kb=v

2
A ¼ u2

kc=v
2
A

¼ 0:03, and different values of Ub. The asymmetry of the

HOMs and the fluctuation structure with respect to the verti-

cal axis is even more evident than in Figs. 1–3. In fact, the

fluctuation structure follows the direction of x ¼ Xp þ kkUa.

There is a group of HOMs which seem to bound each of the

fluctuation structures [two in Fig. 4(a) and four in Figs. 4(b)

and 4(c)]. In addition to the magnetic fluctuations near the

Alfv�en-cyclotron mode, there exists an enhanced fluctuation

structure near x � Xp, and kk < 0, which turns out to be

associated with the HOM with the least damping. This HOM

FIG. 2. Same as Fig. 1, but for nb=nc ¼ 0:3, Ub=vA ¼ 0:5 and (a)

T?c=Tkc ¼ T?b=Tkb ¼ 0:1, (b) 1.0, and (c) 1.5.
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corresponds to the branch of the fluid-like description cross-

ing at x ¼ Xp. Since the fluctuation level increases near this

mode, we could expect that this mode would become unsta-

ble if there is enough free energy available to excite it.

In Fig. 4(c), the fast mode in the third quadrant is unsta-

ble with Imðx=XpÞ < 10�4. As the drift Ub increases, this

mode becomes unstable and the magnetic fluctuation is

enhanced around it. For lower values of the temperatures,

the fluctuation structure is narrower than that shown in

Fig. 4, thus larger values of Ub are necessary to excite the

fast mode.

V. SUMMARY

We have derived analytically the electromagnetic fluctu-

ations in plasmas near equilibrium as a function of an

arbitrary velocity distribution function. Although there exist

similar works aimed to its derivation in unmagnetized plas-

mas,12 here we provide a numerically simpler way to analyze

these fluctuations without the use of integral representations

(form factors). Furthermore, our general expressions apply

to magnetized and thermally anisotropic plasmas near their

stationary state. They are also determined by the structure of

the velocity distribution function and the susceptibility of

each species.

We applied the general formalism to the special case of

a plasma with a magnetized proton core and beam. In

general, the fluctuation spectrum is enhanced near the nor-

mal modes of the system with ImðxÞ � 0. Any instability in

the normal branches of the dispersion relation, including the

HOMs, could emerge within the magnetic fluctuations if free

energy is available. Furthermore, the magnetic fluctuations

appear to grow as the plasma approaches the instability

thresholds from a quasi-stable state. The structure of mag-

netic fluctuations seems to share those of the heavily damped

modes of the dispersion relation even for drifting species.

For some macroscopic plasma parameters, the fluctuation

spectrum seems to be constrained by the least damped

modes. This suggests that heavily damped modes play a fun-

damental role in the emission and re-absorption of thermally

induced magnetic fluctuations in plasmas.

For the special case of electromagnetic fluctuations

propagating parallel to an ambient magnetic field in isotropic

Maxwellian-like plasmas, the general form of the electro-

magnetic spectrum reduces to results considered in earlier

works.4,18–20 The parallel propagating thermally induced

magnetic fluctuations seem to be a relevant contribution to

the solar wind plasma under conditions stable to anisotropy-

driven instabilities.20 However, we expect that fluctuations

with k? 6¼ 0 should also provide a significant contribution

since the random motion of particles should also produce

fluctuations that propagate obliquely with respect to the

background magnetic field. Thus, this and earlier studies18–20

should be regarded as a first step towards a more general

FIG. 3. Same as Fig. 2, but for T?c=Tkc ¼ T?b=Tkb ¼ 0:1 and (a)

u2
kb=v

2
A ¼ 0:1, (b) 0.3, and (c) 0.4.

FIG. 4. Same as Fig. 3, but for u2
kb=v

2
A ¼ u2

kc=v
2
A ¼ 0:03 and (a)

Ub=vA ¼ 0:1, (b) 0.5, and (c) 1.5.
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analysis including nonparallel propagating fluctuations,

which will be considered in a follow-up paper.
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